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Metamaterials composed of metal-dielectric nanostructures are engineered to have an effective refractive in-

dex less than unity at optical wavelengths.

The effect of total external reflection is demonstrated when light

from vacuum is incident onto these materials at an angle exceeding the critical angle defined by Snell’s law.
Novel approaches are discussed to derive the effective index of refraction from the reflection and refraction

properties of finite slabs.

The effect of losses and dispersion are analyzed in the visible range of frequencies
by consideration of the measured properties of silver.

The differences among ultralow refractive-index

metamaterials, photonic bandgap materials, and metals are discussed. Remarkably, a bandgap is not re-
quired to obtain total external reflection. © 2003 Optical Society of America

OCIS codes: 050.1970, 160.4670, 350.3950.

1. INTRODUCTION

There has been a growing interest in the optical proper-
ties of micro- and nanostructured materials because of
their ability to control light in unconventional ways. Re-
search on photonic crystals has been focused on engineer-
ing bandgaps for a variety of applications.! Lately sev-
eral groups have reported intriguing physical properties
of metamaterials presenting simultaneous negative per-
mittivity and permeability.2® However, the implementa-
tion of these so-called negative-index materials in the op-
tical regime is still a challenging task.

Nevertheless, in many photonic structures composed of
two or more dielectrics, such as waveguides and photonic
bandgap structures, the absolute value of the index con-
trast is more important than the sign of the indices.
Therefore increasing this contrast would be extremely
useful, and ultralow refractive-index materials (ULIMs)
can achieve this goal.”

Current nanofabrication techniques can generate fea-
ture sizes much smaller than visible wavelengths, thus
allowing the fabrication of these metamaterials in the op-
tical regime. However, in this regime the limitations of
nanofabrication and the scaling of physical properties of
metals and dielectrics require special attention.

In this paper we propose the use of metamaterials with
the real part of the effective index less than unity (0
< Re{n.s} < 1) as a building block for photonic applica-
tions.” First, we discuss basic phenomena and the feasi-
bility  of  metal-dielectric  structures with 0
< Re{n.s} <1 by using approximate analytical models.
We then study the refraction and reflection properties of
finite slabs of the metamaterial by using numerical mod-
els and show that total external reflection (TER) from air
is possible with simple structures. Finally, we discuss
the effects of losses and dispersion and compare these
metamaterials with photonic bandgap materials and bulk
metals.
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2. BACKGROUND RESEARCH AND ITS
RELATION TO ULTRALOW
REFRACTIVE-INDEX MATERIALS

Metamaterials, an extension of the concept of artificial di-
electrics, were first designed in the 1940s for microwave
frequencies.® They typically consist of periodic geometric
structures of a guest material embedded in a host mate-
rial. Just as homogeneous dielectrics owe their optical
properties to the nanometer-scale structure of its atoms,
metamaterials derive their properties from the subwave-
length structure of its component materials. At wave-
lengths much longer than the unit-cell size, the structure
can be assigned parameters that describe homogeneous
dielectrics, such as electric permittivity and refractive in-
dex. Over the years, the analysis of artificial composite
materials has been carried out under several frameworks
such as transmission-line models,® effective-medium
theory,? homogenization,'® and photonic crystals.!

As long as 50 years ago, it was recognized that artificial
dielectrics can have an effective index of refraction below
unity.! Investigations have shown its potential applica-
tion in the design of antennas,®!? including a report that
appeared while this paper was under review.!®> Recent
investigations have also shown the potential of zero-
permittivity materials as bandgap structures.’* Thisis a
limiting case of the ULIMs when losses are neglected
(€er = 0 leads to nqy = 0). Low-permittivity materials
are related to what is known in electromagnetics as high-
impedance surfaces.'

It should be noted, however, that these investigations
do not provide a proper analysis of the behavior of ULIMs
in the visible regime. At these frequencies, metal losses
and dispersion become critical and cannot be neglected.
In addition, features much smaller than the wavelength
are hard to fabricate, and thus, in general, the long-
wavelength approximation does not hold.

The goal of this paper is to analyze the reflection and
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transmission properties of ULIMs at optical frequencies.
In particular, we investigate for the first time, to our
knowledge, the effect of TER as defined by a critical angle
in Snell’s law.

Total internal reflection is a very well-known optical ef-
fect and is the basis of various technologies such as index
waveguides, polarizing devices, and near-field micro-
scopes. Similarly, TER occurs when light propagating in
vacuum is incident on a medium with a refractive index
less than unity at an angle exceeding the critical angle de-
fined by Snell’s law. This effect is very well known for x
rays incident on planar interfaces at grazing angles.'® In
the x-ray regime the index of refraction is expressed in
the formn = 1 — 6 + iB, where, typically, § ~ 107° and
B~ 10"7. For angles exceeding the critical angle, as de-
fined for the lossless case, the refracted waves are inho-
mogeneous, the refracted angle is very close to 7/2, and
the reflectivity is very close to unity.'® Here, in contrast,
we describe metamaterials exhibiting TER at visible
wavelengths. The real part of the refractive index is well
below unity (0 < & < 1), and the loss component is small
compared with bulk metals (8 < 1).

3. THEORY

Effective-medium theories allow the characterization of
the electromagnetic properties of composite materials
when the wavelength is much larger than the unit cell in
periodic composites or the scale of the particles in disor-
dered composites. The properties depend on the host
permittivity, the guest permittivity, the volume fraction,
the frequency, and the morphology of the composite mate-
rial. When all other variables are given, changes in the
morphology allow for a wide range of values in the per-
mittivity and permeability.’

To demonstrate the design of ULIMs, we have chosen a
simple structure consisting of an array of metallic cylin-
drical wires embedded in air. Above the cutoff frequency
of the structure, the metamaterial behaves like a homo-
geneous material with permittivity below unity. These
metamaterials are lossy so their refractive index is, in
fact, complex, the real part satisfying 0 < Re{n.g} < 1.

We used an approximate analytic model as a starting
point in the design of a structure with 0 < Re{n.4 < 1 at
N = 0.5 um for light polarized parallel to the wires (and
thus propagating normal to the wire axes) (Fig. 1). The
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Fig. 1. Refraction and reflection at the interface of air and a
two-dimensional metamaterial with ultralow effective refractive
index. Light is refracted off the normal to the surface, and the
refracted waves are inhomogeneous. In the specific design the
metamaterial is composed of a square array of cylindrical wires,
and the incident light is polarized parallel to the wires.
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Fig. 2. Experimental values and best-fit Drude model predic-
tions (vpA¢ = 1174.8 THz, y*¢ = 205.2 THz) for the refractive in-
dex of silver for wavelengths between 0.45 and 1.6 um.
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Fig. 3. Square root of the effective relative dielectric constant

[Eq. (1)] of a silver—air metamaterial as a function of free-space

wavelength. Wire radius, r = 15nm; unit-cell size, a

= 200 nm.

model provides an effective relative dielectric constant
€. (w) as a function of frequency w according to the ex-
pression
2
w
€ =1- —r (1)
w(w +1y)

where o, is the analog of the plasma frequency and yis a
damping frequency. These parameters depend on the
unit-cell geometry and the conductivity of the metal o(w)
and can be calculated as w,” = 27cy*/a”In(a/r) and y
= eoazwpzlﬂ'rzcr, 17 where a is the period, r is the radius,
and c is the speed of light in vacuum; the parameters are
valid for r < a. The expression for complex frequency-
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dependent conductivity is o = eo(prg)Z/( Y8 — iw),®
where prg and y¢ are the plasma frequency and elec-
tron collision frequency of silver. We obtained these pa-
rameters by fitting the Drude model to measured
refractive-index values in the frequency range of
interest!® (Fig. 2).

This type of model can be interpreted in terms of con-
ventional electrodynamics and can be derived in several
ways, including transmission-line models and homogeni-
zation theory.!%2°22 It has also shown fair agreement
with numerical and experimental results.!” Although
approximate, this model takes into account the effects of
polarization, dispersion, losses, and geometry of the
metamaterial.

Hence we first used Eq. (1) as a guide to find the geom-
etry of a wire array with 0 < Re{e,,} <1 at A = 0.5 um,
and then we studied the optical properties by using nu-
merical models. For silver wires of radius r = 15 nm in
a square lattice with ¢ = 200 nm unit cells, the effective
resonance wavelength is A, = 0.8 um, and the effective
(relative) dielectric constant €. is between zero and 1 at
slightly shorter wavelengths (Fig. 3). We considered
these predictions to be approximate because the unit-cell
length is just less than half the minimum operating wave-
length. Note that this structure also has an effective per-
meability that, in general, is different from unity,® thus
affecting the effective index.

4. DISPERSION DIAGRAM

The calculated dispersion curves for the first few modes of
the specified wire array composed of perfect conductors
are shown in Fig. 4. The calculations were performed by
a finite-element Maxwell’s equation solver.?? The differ-
ence between the left-hand (I' — X) and right-hand (M
— I') sides of the dispersion curve shows that the
metamaterial is anisotropic. This anisotropy disappears
in the long-wavelength limit. Figure 4 shows that the
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Fig. 4. Dispersion diagram of a two-dimensional square array of
silver wires. The wires have radius » = 15 nm and are spaced
200 nm apart. The two straight lines are the dispersion curves
of light in free space.
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lowest-frequency mode is above the light line, which sug-
gests that the wire array has an effective refractive index
Nei = ck/w less than unity in agreement with the analyti-
cal model. For the design frequency (600 THz), there is
only one propagating mode, a necessary condition to as-
sign a well-defined refractive index to a metamaterial.
Also note the absence of a bandgap in the region of inter-
est, which differentiates the nature of the ultralow refrac-
tive index discussed here from other related effects that
require a bandgap.?*

An approximate effective index could be obtained from
the phase velocity of the propagating mode v = w/k in-
side the infinitely periodic structure. However, such an
effective index is not accurate because the model does not
account for the finiteness of real structures.?>?® 1In ef-
fect, evanescent modes at the boundaries of finite struc-
tures ensure field continuity at interfaces. Because a/\
=< 1/2, these modes are more significant than in struc-
tures with smaller a/\ values, so neglecting this effect
can lead to inaccuracies in the predicted effective index.

5. REFRACTION AT A PLANAR
INTERFACE AND CALCULATION OF THE
EFFECTIVE INDEX

Both the analytic model and the dispersion curves provide
only an approximate qualitative prediction for the refrac-
tive index. Calculating an accurate effective refractive
index requires numerical techniques that account for
losses and the finite character of real structures. Hence
we calculated the refracted fields when a plane wave is in-
cident normal to a planar air—metamaterial interface.
The refracted waves are inhomogeneous because of the
metal losses, which correspond to a complex refractive in-
dex. For the metamaterial to have an effective index less
than 1, it must properly refract light. That is, light must
propagate inside the metamaterial the same way it would
in a transparent homogeneous material with Re{n} < 1,
should one exist.

We used a finite-element Maxwell’s equations solver?’
to compute the fields refracted by the metamaterial, as
shown in Fig. 5. To determine the metamaterial’s effec-
tive index at each wavelength, we used a minimization al-
gorithm to find the refractive index of a homogeneous ma-
terial that transmits the same electric field as the
metamaterial (inhomogeneous plane wave with the same
complex propagation constant). The algorithm required
an initial guess for the complex refractive index, and the
resulting effective index values are insensitive to these
guesses to four decimal places. This method for calculat-
ing n.y differs from previous methods,®?>28 which rely on
the reflection coefficients and present ambiguity in the
phase of the reflected wave.

Accurate modeling of metamaterials in the optical re-
gime requires consideration of losses and materials’ dis-
persion. In our simulations, we used interpolated values
of the refractive index of silver, shown in Fig. 2.

Figure 6 shows the calculated effective index confirm-
ing that indices with the real part below unity are feasible
at optical frequencies. Although the general behavior co-
incides with the predictions of the analytical models (Fig.
3), the numerical model predicts different -effective



B. Schwartz and R. Piestun

plasma wavelengths. This occurs in part because the ac-
curacy of the analytical model requires N > a. The
metamaterial’s fairly low loss [Im(n.g) < 1]is a promising
property for practical purposes.

Fig. 5. Electric field magnitude (parallel to the wires) of \,
= 1.0 pm light normally incident on a silver—air metamaterial.
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Fig. 6. Refractive index (real and imaginary parts) of the
metamaterial as a function of a free-space wavelength as pre-
dicted by its normal incidence refraction (finite-elements
method) and angle-dependent reflectivity (TMM). Wire radius,
r = 15 nm; unit-cell size, a = 200 nm.
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6. REFLECTION AT A PLANAR INTERFACE

ULIMs have interesting reflection properties because the
real part of the index is lower than the index of air.
Therefore Snell’s law predicts a critical angle above which
total reflection occurs. We studied numerically the TER
for slabs of ULIMs and used the reflectivity at all angles
to calculate the effective index, which was compared with
the results obtained by refraction (Section 5).

The transfer-matrix method?>3° (TMM) was used to
find the reflectivity Rty and transmissivity 7y of ULIM
slabs of different thicknesses at A\g = 0.5 um. Figures 7
and 8 show the reflection and transmission properties of
slabs containing 1 to 128 periods of the array and a com-
parison to equivalent homogeneous slabs with the same
thickness and index. The thickness of the equivalent
slab was determined as the number of layers multiplied
by the unit-cell width. The interface plane was chosen at
a distance equal to half unit-cell width before the first
wire row (Fig. 1). A 30 X 30 grid was used in the TMM
to properly sample the two-dimensional unit cell. We
verified this by increasing the sampling to a 60 X 60 grid
and obtaining the same effective index as discussed be-
low. The dielectric constant of silver was obtained from
experimental data as before (Fig. 2).

The structure behaves like a lossy dielectric with a re-
fractive index less than unity for light polarized normal to
the incident plane (TE) and parallel to the wires. At
small incident angles there is little reflection, whereas at
larger angles the structure abruptly becomes reflective.
The reflectivity of a dielectric slab with an index of n
= 0.935 + 0.0038; fits the reflectivity of the wire arrays
with four or more periods. The critical angle, defined
here as the inflection point of Rr, is 68°, which agrees
with the critical angle defined by Snell’s law.

Owing to absorption, the transition to high reflection is
not as abrupt as with total internal reflection from trans-
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Fig. 7. TER:
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reflectivity at A\ = 0.5 um as a function of incident angle.
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Thick curve, TMM predictions for silver wire metamaterials.

Thin curve, analytical calculations based on Fresnel formulas for homogeneous n = 0.935 + 0.0038: slabs of the same thickness as the

metamaterial.

Wire radius, r = 15 nm; unit-cell size, @ = 200 nm; homogeneous slab thickness d.
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Thick curve, T-MM predictions for silver wire metamaterials.

Thin curve, analytical calculations based on Fresnel formulas for homogeneous n = 0.935 + 0.0038: slabs of the same thickness as the

metamaterial.

parent dielectrics, much like the known TER of x rays.
Note that, with only four rows of wires, there is a critical
angle above which, loss notwithstanding, TER occurs.
As a consequence, just a few periods may suffice for prac-
tical applications of this effect, easing the fabrication.
The effective index properly describes the behavior of the
slab even for the case of two layers of wires, a property
that could not have been predicted with the long-
wavelength approximation. Also note that Rrg + Zmg
< 1 because of losses.

Hence the reflection data can be used as an alternative
method to calculate the refractive index. We calculated
the complex refractive index of a homogeneous dielectric
slab whose reflectivity best matches that of the finite wire
array at all incident angles for polarization normal to the
incident plane (TE) and parallel to the wires. That is, we
determined the effective index by comparing the reflectiv-
ity of the metamaterial with that of a homogeneous ma-
terial as predicted by the Fresnel formulas. This method
also differs from those that use only single-angle inci-
dence reflection and transmission coefficients®?> and
should give a more reliable value that is appropriate for
all incident angles despite the slight anisotropy due to a
relative large unit cell. The results are summarized in
Fig. 6 and show a striking agreement with the effective
index obtained with refraction (Section 5).

7. DISCUSSION

The designed ULIM behaves on refraction, reflection, and
transmission as a low-loss dielectric with 0 < Re{n.g}
< 1 for wavelengths between roughly 0.45 and 1.2 um, as
shown in Fig. 6. The reflectivity at shorter wavelengths
ceases to resemble TER because \ approaches 2a. At
longer wavelengths, loss dominates as Re(n.y) decreases,
and the reflectivity resembles that of a high-loss dielec-

Wire radius, r = 15 nm; unit-cell size, @ = 200 nm; homogeneous slab thickness d.

tric. Note that even though the metamaterial is lossy
and dispersive, for a proper design the attenuation of
waves propagating in the metamaterial is much lower
than in metals at optical frequencies. Although in met-
als at optical wavelengths the imaginary part of the re-
fractive index dominates, in the metamaterial it can be
more than 2 orders of magnitude smaller than the real
part. Note that the use of real parameters for the com-
posing materials (including losses and dispersion) is criti-
cal to achieve an accurate picture because optical proper-
ties of metals do not scale with frequency.

The zero-permittivity materials (e, = 0) recently pro-
posed as bandgap structures'# can be considered a limit-
ing case of the ULIMs presented here (0 < Re{n.g < 1).
However, they do not show the effect of TER defined by a
critical angle different from zero. Moreover, our calcula-
tions indicate that losses produced by real metals should
play a critical role at optical frequencies in the ¢ — 0
limit, suggesting that, in this limiting case, further inves-
tigation is required.

Note that dielectric photonic bandgap materials can
also refract light incident in vacuum away from the sur-
face normal for frequencies close to the bandgap. Thus
one could assign them a refractive index less than unity
and even less than zero that will be consistent with
Snell’s law.?* However, this effect differs from the reflec-
tion from ULIM: (a) the photonic bandgap materials do
not, in principle, have the same angle-dependent reflec-
tivity and transmissivity predicted by Fresnel formulas,
(b) their unusual values of refractive index apply only to
narrow bandwidths, and (c) they require a bandgap.

We are currently exploring the space of attainable di-
electric constants with two homogeneous materials.’® Al-
though the presence of a metal is critical, its relative vol-
ume to different dielectrics and unit-cell structure can be
changed according to design constraints.



B. Schwartz and R. Piestun

In conclusion, we have analyzed optical metamaterials
with 0 < Re{n.y} < 1 at optical frequencies by using ap-
proximate analytical models and accurate numerical
models. We used real data for the metal to provide an
accurate picture of the effect of losses and dispersion.
Methods for determining a realistic effective index based
on reflected and refracted fields were implemented. To
the best of the authors’ knowledge, this is the first time a
metamaterial has been shown to exhibit total external re-
flection at optical visible wavelengths. No bandgap is re-
quired to observe this effect. Such flexibility in the speci-
fication of the effective properties of a material opens up
new opportunities for device applications.
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